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Abstract 

We consider flat solutions in the brane background with a massless scalar 
field appearing in 5D Pl\i npq ■ Since there exist bulk singularities or arises the 
divergent 4D Planck mass, we should introduce a compact extra dimension, 
the size of which is then fixed by brane tension(s) and a bulk cosmological 
constant. Inspecting scalar perturbations around the flat solutions, we find 
that the flat solutions are stable vacua from the positive mass spectrum of 
radion. We show that the massless radion mode is projected out by the 
boundary condition arising in cutting off the extra dimension. Thus, the 
fixed extra dimension is not alterable, which is not useful toward a self-tuning 
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of the cosmological constant. 
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I. INTRODUCTION 



The Randall-Sundrum(RS) models |l].fj] have been initially motivated for solving the 
hierarchy problem in a geometric way |l|] and giving an alternative to the conventional 
Kaluza-Klein compactification of the extra dimension through the normalizable zero mode 
of graviton M. On the other hand, the fact that there exists the 4D flat solution in the 
RS models even with nonzero brane tension(s) and a nonzero negative bulk cosmological 
constant reminds us of the cosmological constant problem in a new perspective and thus 
the RS models deserve further investigations for searching a higher dimensional solution 
to the cosmological constant problem |]3Hil|. The RS solutions requires one (or two) fine- 
tuning conditions between brane tension(s) and a bulk cosmological constant by consistency. 
Therefore, if one loosen the fine-tuning condition(s), our universe should appear as being 
curved. Therefore, we should seek for models of evading fine-tuning parameters with the 
requirements for the consistent solution to the cosmological constant problem such that 

• there should be no naked singularities and 

• the 4D Planck mass should be finite for gravity to be relevant. 

Early attempts with a massless bulk scalar field coupled to the brane in the flat bulk 
ended with the naked singularity and reproduced a fine-tuning in regularizing the naked 
singularity with another brane . The main motivation for introducing a massless scalar 
field is to use the shift symmetry of the scalar field to self-tune the cosmological constant 
with its special coupling to the brane. 

On the other hand, there have appeared suggestions of introducing a massless bulk scalar 
field not coupled to the brane [^], [T0| , |TT]l ■ 111 those attempts, the scalar field just plays a role of 
bulk source only and thus it gives rise to only a non-multiplicative integration constant of the 
warp factor by making bulk solutions non-trivial. [The integration constant from scalar field 
itself is not important since it is just contained in the warp factor as multiplicative.] With 
1/H 2 term, where H 2 = HmnpqH mnp ® , it has been shown that there exists a self-tuning 
solution [[|. 
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However, attempts with a conventional kinetic term of the scalar field did not give a self- 
tuning solution, i.e. there appear naked singularities or the warp factor becomes divergent 
away from the brane. Therefore, it is necessary to introduce another brane for cutting 
off the extra dimension, from which we concluded that there does not exists a self-tuning 
solution when the scalar couples to the brane ||. However, when the scalar does not couple 
to the brane, another brane introduces a parameter the distance between two branes, as 
a result of which it seems that there does not arise any direct fine-tunings but the extra 
dimensional distance is determined by brane tensions and bulk cosmo logical constant. In 
this case, there arises a question whether the size of the extra dimension can be regarded as 
a kind of integration constant to be determined by the boundary condition. 

In this paper, we study this question whether the extra dimensional distance can be 
regarded as an integration constant or not by investigating scalar perturbations around the 
flat solutions obtained for arbitrary bulk cosmological constant. We find that the mass 
spectrum of the radion is given as positive definite and a massless mode is decoupled by the 
boundary condition appearing in cutting off the extra dimension. Thus the flat solutions 
are shown to be true minima of the action in taking into account the boundary condition. 

The absence of massless radion means that the size of extra dimension is fixed but not 
alterable. Therefore, since the size of extra dimension does not correspond to a kind of 
integration constant in the self-tuning models, one cannot evade one fine-tuning condition 
between brane tension(s) and bulk cosmological constant for obtaining a flat solution with 
a conventional kinetic energy term. 

Using the remaining gauge transformations preserving the scalar perturbations, we also 
find that there exist a massless graviscalar and a massless spin-2 graviton while there is no 
massless vector mode. The massive excitations of spin-2 graviton are shown to be positive, 
which guarantees the stability of the flat solutions again. 

This paper is organized as follows. In the next section, we provide the model setup for 
consideration and present flat solutions. In Sec. Ill, we perturb the scalar field around the 
flat solutions and identify the radion spectrum. Then, in Sec. IV, we present the graviton 
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perturbations for completeness. Sec. V is a conclusion. 



II. MODEL SETUP 

On top of the RS model [0)3, we introduce a three form field in the bulk without coupling 
to the brane. For future convenience of cutting off the extra dimension, we include the sum 
of brane actions. Then, the 5D action of our model setup is 

S = Jd'xJ dy^g i^-R - A b - ^H MNPQ H MNP ^ + £ - y^ . (1) 

In order to get 4D flat solutions, let us take the ansatz for the metric as 

ds 2 = P 2 (y)r]^dx fl dx u + dy 2 (2) 

where (rj^) = diag.(— 1, +1, +1, +1). Then Einstein tensors are, 

G llv = g liv 3( — | +31 — 



G - = 6 (f) 2 - ® 
where prime denotes differentiation with respect to y. With the brane tension Ax and A 2 
at the y = and y = y c branes, respectively, and the bulk cosmological constant A b , the 
energy momentum tensors are 

t M n = -qmnK -j^^g^M^N ^ifi (y - yd + t mn , (4) 



Tmn — (^H MP q R H n PQR — -H 2 g M i^j 



(5) 



= V m 0Vtv0 - ^mv(V0) 2 , (6) 

where we used the fact that a three form field in 5D spacetime is dual to a scalar field as 
Hmnpq = ^/—g £mnpq R V/j0. Here when the dual relation is inserted in the kinetic term of 
the action, its overall sign looks opposite compared with the case of a scalar field but there 
does not arise such inconsistency between the action and the Einstein's equation when the 
surface term for the three form field is included. 



We also take the ansatz for the nonvanishing components of four form field H^ vpa as 



H, 



fiupa 
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(7) 



where //,-■• run over the Minkowski indices 0, 1, 2, and 3. With the above ansatz, the field 
equation for the four form field is satisfied, 



d 



M 



-9 



jjMNPQ 



0. 



(8) 



The two relevant Einstein equations are the (55) and (/z/i) components, 

2 
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-A b + 



A 

W 8 



3 ( f ) 2 + 3 (j ) = ~ Ab " Al6{y) " A * - yc) -Js 



(9) 
(10) 



where A//3 8 = f 2 /2 expressed in terms of a 'positive' constant A. The solutions of Eq. @ 
and flit!!) with Z2 symmetry are ||T0[ 



for A h < 



for A ft > 



for A ft = 



(2)/9( 
(!)/?( 
(2)/9( 

(2)/9( 



sinh(-4fc|?/| + c)] 1/4 
sinh(4%| + c)] 1/4 
[sin(-4A:|2/| + c)] 1/4 

)= O i/4[cos(_4A;|y|+c)]1/4 

) = (-4a|y| + C ) 1/4 , 
) = (4a| 2/ | + c) 1/4 , 



k) 

a\V4 



(11) 
(12) 

(13) 
(14) 
(15) 
(16) 



where k = ^/|Ah|/6 and the a is defined in terms of A, 



a = 



(17) 



We note that /3's of Eqs. flT2"|) and ([X6|) do not give localized gravity on the y = brane 
while /3's of Eqs. (|TT|), (|13|), QIB] ) have naked singularities at \y\ = c/(4k) or \y\ = c/(4a) and 
/? of Eq. ( pT4| ) does at \y\ = (c + it/ 2) /(4k). Therefore, to get the effective four dimensional 
gravity or to avoid the sigularities in the bulk, it is indispensable to cut the extra dimension 
such that it has a finite length size by introducing another brane. 
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Then, since the Z 2 symmetry and the periodicity for the compact dimension gives rise 
to the boundary conditions at the branes, 







y=yf 6 ' 



(18) 



the consistency requires the following relations for the above three cases 



for A b < : ± c = coth" 1 (^j = Aky c - coth" 1 Oj) (19) 

for A b > : (1) c = cot" 1 f^j = 4ky c - cot" 1 fjj (20) 

(2) c = -tan" 1 ^ = Aky c + tan" 1 ^ (21) 

for A 6 = : ± c = ^ = a \4y c - ^ J , (22) 

where c > for < and < c < 7r/2 for A& > and 

fci = — , k 2 = ^. (23) 
6 6 v ; 

For all the above cases, there do not appear any direct fine-tuning conditions between brane 

tensions unlike the RS case but the size of the extra dimension is determined by the brane 

tensions and the bulk cosmo logical constant. In particular, for the A b > case (Eq. fll4|)), as 



recently argued in Ref. ||11|| , it may be possible to compactify the extra dimension without 
the need of introducing another brane by identifying the two extrema of the warp factor 
symmetric around the y = brane. In Fig. 1 we show a schematic behavior of the warp 
factor. If Point Q corresponds to the location of the another brane, then one has to introduce 
a brane tension there. However, if Point P is chosen, it is not necessary to introduce another 
brane. That means the extra dimensional size is up to Point P which is determined by the 
other parameters in the theory. For this to be the case, we must have a shift symmetry in 
the radion direction whose distance is determined by the parameters in the theory. Namely, 
we only have to take the boundary condition as the first one in Eq. (|2~ID and the length 
size of the extra dimension can be regarded as being determined by the brane tension as 
Vc = c /{Ak) = -(4A;)- 1 tan- 1 (A; 1 /A;) for k x < 0. 
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FIGURES 



pel y l> 




Fig. 1. The schematic behavior of the warp factor for Ab > 0. 
Point P is the case of our main concern. 

III. SCALAR PERTURBATIONS AND RADION 



We expect that there exists the radion mode as a perturbation around the 4D flat so- 
lutions obtained, which corresponds to altering the positions of the branes or the size of 
the extra dimension and appears a scalar field in the effective 4D theory. Thus let us make 
scalar perturbations around the flat solutions for investigating the radion spectrum in our 
model. 

In the RS case without radius stabilization, there exists a massless radion for the flat 
solution since the size of extra dimension is not determined Jl , 13 . 14 ] . And it is also shown 
that the radion has a positive mass for the 4D AdS solution while it has a negative mass for 
the 4D dS solution [IS, IE]. For the stabilized RS model, the radion mass is also investigated 
in detail in Ref. fI7[| . In models with metastable graviton and multigravity scenarios, it is 
shown that the radion dynamics is crucial to test their stability [|T£|,|H|. 

As we mentioned in the previous section, we regard the three form field as a scalar field 



S 



by duality on investigating perturbations for convenience. In that case, we only have to deal 
with the energy momentum tensor coming from the scalar field as in Eq. (|6]) and the scalar 
field equation such as 



M , 



0. 



(24) 



We thus take a general ansatz for the metric perturbations as 

ds 2 = K~ 2 {z){t]mn + hMN(x, z))dx M dx N 
(j){x,z) = (j) (z) + (p(x,z), 



(25) 
(26) 



where z = f dy//3(y), K(z) = l/(3(y(z)) and (<p' f = AK 6 . 

Then, the linearized Einstein's tensor, the linearized energy momentum tensor and the 
linearized scalar equation read 



SGmn = ——h>MN + d(Md P h]si)p — -r)MNd p d®h P Q — — — (c^/ijvs + <9jv^M5 — ^5^-Miv) 
Z Z ' ZK 



K" K' 2 \ , K' p - 





K" 


K' 2 i 


-3 


7k 





h 



MN i 



(27) 



(K" K' 2 \ A 1 

-3-^- + 6— J V + ~ Zi)^h 5 r]^ u + -(4>' ) 2 h 55 r]^ - 4>' ^'r]^, (28) 

(29) 
(30) 



K' 2 

K' 2 1 



n<p-3^<f/ + ±<&(h%-h' BB ) = o, 



(31) 



where (M, N) is a half of the symmetric combination, ' denotes the derivative with respect 
to z and d M = rj MN dN, □ = rf^d^dp + d 2 . h MN is defined as Jimn = h MN — r] MN h/2 and h 
is the trace for hMN- 

Since we are interested in the scalar perturbations for investigating the radion, let us 
take a gauge choice in the metric ansatz (|25|) as 



hau(x, z) = F(x, z)r)uv, = 0, h 55 (x, z) = G(x, z). 



(32) 



Thus, the (fiv) component of the linearized Einstein tensor is written as the form 

SG lu/ = d ll d u (-F-^G) + ••• (33) 

where the ellipses all contain terms proportional to rj^. And the linear perturbations from 
the energy momentum tensor are also ~ r]^. Therefore, we obtain an immediate relation 
such as 



G = -2F. 



(34) 



Then the linearized (fifi), (fib) and (55) Einstein's equations and the linearized scalar field 
equation are 



3 15 K' „, 

-F" F + 6 

2 2 K 



,K'\ 2 K" 

3, if) "if 



A 



0, (35) 



\d»F> - 3^d,F = ftdpip 



(36) 



3 K' 
~d»dpF - 6—F' + 
Z K 



121 K ] - 



(37) 



d tt dp<p + cp"-3^rtp , + 3<l> , Q F , = 0. 



The (fib) component equation fl36| ) can be integrated to give 



(38) 



(39) 



The metric ansatz (|52|), Eqs. fl3~4| ) and ( |3"9"| ) with /(z) = fix our gauge choice. Eliminating 
4>' <p' from Eqs. (|35"D and ( |37l) gives rise to the equation for F only as 



d^d^F + F" - 9^-F' 
K 



/K'\ 2 K" v^2A ir/ 



F = 



(40) 



from which we can easily obtain the boundary conditions at the branes 

K' 

F - 2—F = 0. 
K 



(41) 
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where we used K"/K = 2AK 6 /3 + (A t /3K)5(z - Zi) and A* = QK'\ z=Zi . It is staightforward 
to check the scalar field equation by multiplying Eq. ( |38]) with (j)' Q and using Eqs. ([39]). 
(|37|) and the background equations (^|), ( JT0| ) in the 2; coordinate. Thus, F must satisfy 
Eq. fl4"T|) and the bulk equation 



d^dnF + F" - 9^F' + 
ii 



F\ 2 

1,11 If) 



4F" 



0. 



(42) 



Note that studying F is equivalent to studying the radion, in view of Eqs. ( p2|) and (|34|) . 

To make a Kaluza-Klein reduction of the radion field to 4D, we choose a separation of 
variables as F(x, z) = ip(z)p(x). Taking a rescaling such as ip = ip / ' ((p' Q K 3 ^ 2 ) ||20|| , we obtain 
the 4D equation of the radion field and the bulk equation for the wave function of the radion 



{d"d„ - m 2 )p{x) = 0, 
(-d 2 z + V{z))${z) = m 2 ^(z) 



(43) 
(44) 



where 



t'W = ?(i)", 



K 1 / 2 K r 

The above equation corresponds to nothing but a supersymmetric quantum mechanics 

1 



(45) 
(46) 



(47) 



The hermitianity of the above differential operator guarantees the positivity of the mass 
spectrum with m 2 > : there is no tachyonic mode of radion. The bulk solution for the 
massless radion field with m 2 = is given by a linear combination such as 

(48) 

S Jo 
or 



fo(z) = -(c + d / dz i 2 ) 

s JQ 



4> (z) = K 2 K' 



co + do / dz KKl/2Ri 



(49) 
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where Co and do are integration constants. Then, we can take the wave function of the 
massless radion to be consistent with the Z 2 symmetry 



^0(2) 



K 2 K 



c o + do Jo dz ( K i/°2 K , 



—K 2 K' 



for z > 0, 



for z < 0. 



(50) 



c o ~ d f Q dzy Kl/ ° K , 
Then, using the boundary condition at the z = (or y = 0) brane from Eq. (pTT|) 

= 0, 



K' 



2=0+ 



(51) 



we obtain the ratio between two integration constants as 



=0+ 



(52) 



-K"K'K. 

On the other hand, since the extra dimension should be cut off with or without another brane 
to escape a bulk singularity or a divergent 4D Planck mass, an additional boundary condition 
appears. For the case without another brane, the derivative of the metric perturbation should 
be zero at the end of the extra dimension as for the background metric. Therefore, in view 
of Eq. (f41"D, another boundary condition should be the same irrespective of the existence of 
an additional brane as 



0. 



(53) 



Thus we also find another necessary condition for integration constants 

2 



(B) : £ 



\ (0o) 2 - 


.-J 


VK"K'K\ 


z=z c Jo 



dz 



(54) 



However, the two equations (|52|) and (|4]) cannot be satisfied simultaneously because the 



difference (A) — (B) between the two turns out to be nonzero 



(A) - (B) = -3 / dzK' 3 ^ 0. 
Jo 



(55) 



As a result, the massless radion mode should be regarded as being projected out by another 
boundary condition appearing in cutting off the extra dimension, irrespective of whether the 
extra dimension is compactified with one or two branes. 
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The absence of massless radion implies that it is impossible to change the brane spacing 
or the size of extra dimension for the flat solution to exist for different sets of brane tension(s) 
and bulk cosmo logical constant. Thus the size of extra dimension does not correspond to 
an integration constant in the self-tuning models and one cannot escape the one fine-tuning 
condition [ID] between input parameters for obtaining a flat solution for initially fixed extra 



dimension as seen in Eqs. (|l~9| ) - ([22|) . 



On the other hand, massive radion modes are alive with discrete positive masses since 
there appear generically two integration constants and mass to be determined : one integra- 
tion constant and mass are determined by two boundary conditions at the ends of the extra 
dimension and the other integration constant is fixed by normalization of the wave function 
of the radion. Therefore, the size of the extra dimension fixed by Eqs. (|T9|)-(|22|) is stable 
under perturbations, which guarantees that the flat solutions of the Einstein's equations 
Eqs. ([TT|)-([T6|) are true minima of the action. 

IV. GRAVITON PERTURBATIONS 

Even though we made a gauge choice such that only scalar perturbations are taken 
into account in the previous section, there should be the remaining gauge transformations 
preserving the gauge conditions (|34l) and (|39|) with the metric ansatz (^), which enables 
us to impose a convenient 4D gauge for the graviton. Thus, for completeness, on top of the 
scalar perturbations corresponding to the radion in the previous section, let us consider the 
graviton perturbations with the general metric ansatz 

h^x, z) = F(x, z)n^ v + h^(x, z), ^ 0, h 55 (x, z) = G(x, z). (56) 



Then, with the gauge conditions (|3~4]) and (R^) for the scalar perturbations, we use a 4D 



gauge transformations to impose the de Donder gauge condition for the graviton 

= 0" V = d%„ (57) 



13 



where h^ v = — \h\rj^ v and the second equality comes from Eq. fl34]) . Now we have fixed 
five of the fifteen degrees of freedom of the 5D metric perturbations. 

Assuming that the equations for scalar perturbations (^)-(^) are reproduced for the 
general gauge choice with Eqs. fl56|) and fl5?D, we obtain the equations for the graviton from 
(0)-© as 

-\ ( n - 3^<9 5 ) V + \vr ( D + flg - 6^9 5 ) ^ 

+ (<9 5 - 3^) (9^,^)5 - r^«9 A /i A5 ) = 0, (58) 

-l(d X d x + 6^h^ + ^(d x h 5X -^d 5 h^j =0, (59) 

\d X dxK + ^ (a^ A5 - Idjity = 0. (60) 

Then we find that both the trace of Eq. (|58| ) and Eq. (|60|) can be satisfied simultaneously 
with 

- -dsfy = 0, (61) 

under which Eqs. (|60"D and ( |59|) become, respectively, 

<9 A <9 A /i£ = 0, (62) 

(<9 A d A + 6^)^ 5 = 0. (63) 

Therefore, there appears a massless gravi-scalar field which couples to the trace of the 
4D energy momentum tensor as for the radion. On the other hand, since Eq. (|B~3"D cannot 
be satisfied either on the brane or in the bulk, = 0, i.e., there is no massless vector 
mode, which is consistent with Eq. fl6~I|) since (hfy' = from comparing the linearized scalar 
equations (|3~l"D and (|38|). 

^From Eq. (|58|), we also observe that the transverse traceless spin-2 graviton (hz^) is 
automatically decoupled due to hff = = and the de Donder gauge fl5"7|): 
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(□-3^)^ = 0. (64) 

Consequently, it turns out that there exists a massless spin-2 graviton since the above 
equation is satisfied by hjj(x, z) = Coe ipx e^ u with p 2 = 0, where c is a constant and e^ v is 
a polarization tensor. 

With a separation of variables as hJJ = K 3 / 2 (z)ip(z)e tpx e llu (p 2 = — m 2 ), we obtain a 
Schrodinger-like equation again 

( - d 2 + V(z)^(z) = m 2 i)(z) (65) 

where 

„. , 15/K'\ 2 3K" 

Therefore, we find that m 2 > 0, i.e., there is no tachyonic state of the graviton since the 
above equation can be regarded as a supersymmetric quantum mechanics 

QiQfa) = (d z - ( - d z - ~)^(z) = m 2 4>(z)- (67) 



V. CONCLUSION 

In this paper, by introducing a 5D massless scalar field not coupled to the brane, we 
found that there exist flat solutions without direct fine-tunings between brane tension(s) 
and a bulk cosmological constant. However, since there arises a naked singularity or the 
4D Planck mass becomes divergent for non-compact extra dimension, the extra dimension 
should be compactified with or without another brane and then the size of extra dimension 
is fixed by brane and bulk cosmological constants. 

At first sight, the size of extra dimension looks a kind of integration constant for the 
existence of flat solutions without fine-tunings. However, on inspecting scalar perturbations 
around the flat solutions, the absence of massless radion mode implies that it is impossible 
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to use the brane spacing as an integration constant and the self-tuning of the cosmological 
constant is not realized with the radion. 

For completeness, using the remaining gauge transformations preserving the scalar per- 
turbations, we find that there exist a massless gravi-scalar and a massless spin-2 graviton 
while there is no massless vector mode. The spectrum of massive spin-2 graviton is shown to 
be non-negative, which implies the stability of the flat solutions with a massless bulk scalar 
field together with the positivity of the radion spectrum. 
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